
Kinetic model of hyperbranched polymers formed by self-condensing

vinyl polymerization of ABp monomers in the presence of multifunctional

core molecules with different reactivities

Kuo-Chung Cheng*

Department of Chemical Engineering, National Taipei University of Technology, 1, Sec. 3, Chung-Hsiao E. Rd,Taipei 106, Taiwan, ROC

Received 26 September 2002; received in revised form 28 October 2002; accepted 28 October 2002

Abstract

Hyperbranched polymers formed by the self-condensing vinyl polymerization, SCVP, of ABp monomers in presence of trifunctional Cp
3

cores with various reactivities were studied by means of the kinetic model. The changes of the degree of polymerization, polydispersity,

degree of branching, and structural units of the hyperbranched polymers with the conversions were all investigated by the generating function

method. By the addition of the cores with higher reactivity, the molecular weight distribution of the hyperbranched polymers can be further

narrowed, and the degree of branching is only slightly lower than that without core monomers. At full conversion of A, the polydispersity

index of the hyperbranched polymers formed by the SCVP is lower than that by the AB2–C3 copolymerization studied before.

q 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Highly branched polymers exhibit very different charac-

teristic features from linear polymers: relatively low

viscosity, high solubility, and having a large amount of

pending or peripheral or side functional groups, for

example. Therefore, tougheners, molecular sensors, rheol-

ogy modifiers, and drug delivery systems all have been

suggested [1–7]. There are two major approaches of the

highly branched polymers: dendrimers and hyperbranched

polymers. Dendrimers are similar to star polymers except

that each arm of the star exhibits repetitive branching in the

manner of a tree, and have a perfectly regular structure.

Hyperbranched polymers have more random branched

architectures with some linear structures, and do not

emanate from a central core [8]. The hyperbranched

polymers have a less regular structure than the dendrimers,

but, compared with the complicated and expensive

procedures for the synthesis of dendrimers, they can be

obtained by a simpler one-pot polymerization, such as

polycondensation of ABg-type monomer in which g is

greater than one, and self-condensing vinyl polymerization,

SCVP [9–15].

The SCVP involves a monomer ABp, such as p-

(chloromethyl) styrene, consisting a vinyl group A and an

initiating group Bp [10,15]. The chain reactions is the active

Bp reacting with the double bond A of another monomer;

then a dimer is formed with one group A and two active

groups: Bp and Ap. The new active center Ap converted from

the group A by reacting with Bp can also react with the

double bond of any other molecules, and form a branch

point on the resulting larger molecule. Consequently, the

hyperbranched polymers can be synthesized under further

polymerization.

However, according to the theoretical models and the

experimental results [16,17], the molecular weight distri-

bution, MWD, of the hyperbranched polymer formed by

either the stepwise polymerization of monomers ABg or the

SCVP is extremely broad at high conversion. This

disadvantage can be improved by adding monomers in

several batches, or by reacting them with a little multi-

functional core to reduce the polydispersity index (PDI) of

the final products [18–24].

Several kinetic studies of the polycondensation of ABg

monomers with Cf cores as well as the SCVP in presence of

0032-3861/03/$ - see front matter q 2002 Elsevier Science Ltd. All rights reserved.

PII: S0 03 2 -3 86 1 (0 2) 00 7 75 -9

Polymer 44 (2003) 877–882

www.elsevier.com/locate/polymer

* Tel.: þ886-227712171 ext. 2550; fax: þ886-227317117.

E-mail address: gordon@ntut.edu.tw (K.C. Cheng).

http://www.elsevier.com/locate/polymer


multifunctional Cp
f initiators has been used to investigate the

molecular-weight distribution (MWD) and the degree of

branching of the hyperbranched polymers during reaction

[15,25,26]. For both cases, the PDI of the hyperbranched

polymers can be reduced by addition with multifunctional

cores or initiators. In the previous work, we had adopted a

kinetic model of the AB2 system to evaluate the depen-

dences of different amounts of C3 cores with various

reactivities on the molecular weight and the degree of

branching during the polymerization [27]. It was found that

increment of the reactivity of core monomers leads to not

only a narrower MWD, but also to keeping the high degree

of branching of the hyperbranched polymers.

In this study, the generating function method [27–31]

will be further expanded to investigate the SCVP in

presence of trifunctional cores, and to evaluate the effects

of the core monomers and various reactivities on the

average degree of polymerization, polydispersity, degree of

branching, and structural units of the hyperbranched

polymers. Furthermore, the difference between the struc-

tures formed by the SCVP with cores and by the

copolymerization of AB2 with C3 will be discussed.

2. Kinetic model of self-condensing vinyl polymerization

of monomers ABp with multifunctional Cp
3

The SCVP involves monomers ABp with core Cp
3; of

which active group Bp and Cpcan initiate the polymerization

of vinyl group, A

A þ Bp !
kABp

Ap þ b ð1Þ

A þ Cp !
kACp

Ap þ c ð2Þ

where the double bond, A, is converted into a new active

group, Ap; and b and c are the product groups of Bp and Cp;

respectively. The group Ap can also react with vinyl group

A and becomes group a:

A þ Ap !
kAAp

Ap þ a ð3Þ

Assume that the reaction is bimolecular, and there are no

intramolecular reactions occurring during polymerization,

and kABp, kACp and kAAp are the reaction rate constants. The

reactions between various structural units (not functional

groups or molecules) can be expressed in the following

kinetic scheme

Gðbi1Þ þ Gðbi2Þ!
ki

Gðbi3Þ þ Gðbi4Þ i ¼ 1; 2;…; 16 ð4Þ

where

Gð1Þ ¼ ABp monomer

Gð2Þ ¼ Ab ,

Gð3Þ ¼, ApBp

Gð4Þ ¼, Apb ,

Gð5Þ ¼, aBp

Gð6Þ ¼

Gð7Þ ¼ Cp
3

Gð8Þ ¼

Gð9Þ ¼

Gð10Þ ¼

and

b ¼ kACp =kABp ¼ kACp =kAAp ð5Þ

in which b is assumed to be a constant and independent of

the extent of reaction. Furthermore, a vector E is defined to

characterize the molecule kEl

E ¼ ðe1; e2; e3; e4; e5; e6; e7; e8; e9; e10; ewÞ ð6Þ

where eJ represents the number of structural unit G(J ) on a

molecule kEl, and ew, equal to e11, is the molecular weight of

the molecule kEl. For example, E ¼ (1,0,0,0,0,0,0,0,0,0,

W(ABp)) denotes monomer ABp, and W(ABp) is the

molecular weight of this monomer; the molecule Ab–

ApBp formed by combining two ABp monomers can be

specified by E ¼ (0,1,1,0,0,0,0,0,0,0,2W(ABp)), in the case

there are no condensates produced during the

polymerization.

According to the mean-field theory, the effects of

configuration and conformation are not considered in the

calculation. The effects of intramolecular cyclization on the

structures of the hyperbranched polymers are also important

for non-linear polymerization systems, which were dis-

cussed before [32–34]. However, in this study, we focus on

the core molecules with different reactivities, and assume

that no cyclization occurs during polymerization [27–29];

thus the reactions between molecules are

kE0lþ kE00l!
ki kE0 þ E00 þ Li

00l i ¼ 1; 2;…; 16 ð7Þ

where kE0 þ E00 þ Lil is the molecule formed by combining

kE0l with kE00l in the ith reaction, and,

Li ¼ ðl1; l2;…; l10; 0Þ ð8Þ

lJ ¼ 2dðbi1; JÞ2 dðbi2; JÞ þ dðbi3; JÞ þ dðbi4; JÞ;

J ¼ 1; 2;…; 10

in which dðbij; JÞ is Kronecker delta such that

dðbij; JÞ ¼ 1; for bij ¼ J;

and dðbij; JÞ ¼ 0; for bij – J:

For example, a molecule Cp
3 reacts with another molecule
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Ab–ApBp as follows:

ð9Þ

then

kE0l ¼ Cp
3

kE00l ¼ Ab–ApBp

E0 ¼ ð0; 0; 0; 0; 0; 0; 1; 0; 0; 0;WðCp
3ÞÞ

E00 ¼ ð0; 1; 1; 0; 0; 0; 0; 0; 0; 0; 2WðABpÞÞ

L3 ¼ ð0;21; 0;þ1; 0; 0;21;þ1; 0; 0; 0Þ

E0 þ E00 þ L3 ¼ ð0; 0; 1; 1; 0; 0; 0; 1; 0; 0;WðCp
3Þ þ 2WðABpÞÞ

k14 ¼ 3kACp

Furthermore, a dimensionless number fraction, [E], the ratio

of the reaction rate constant, k0i; and a scaled time, t; are

defined

½E� ¼ NðEÞ=N0 ð10Þ

k0i ¼ ðki=k0ÞðV0=VÞ ð11Þ

t ¼ tk0ðN0=V0Þ ð12Þ

where NðEÞ is the number of isomers of the molecule kEl; V

is the volume of the reaction system; N0, k0, and V0 are the

arbitrary reference number, rate constant, and volume,

respectively, and t is the reaction time.

If the change of the reaction volume is negligible, then

according to Eq. (7), the rate equation of the isomers can be

written as

d½E�

dt
¼

X16

i¼1

k0i

( X
E0þE00þLi¼E

ð½E0�½E00�p0
i1p00

i2Þ2 ½E�pi1

X
all E000

� ½E000�p000
i2 2 ½E�pi2

X
all E000

½E000�p000
i1

)
ð13Þ

where
P

all E denotes the sum over all possible values of

vector E, and pij ¼ eJ for bij ¼ J: The one positive and two

negative terms on the right side of Eq. (13) give the total

rates of appearance and disappearance of the isomer kEl,
respectively. Eq. (13) cannot be solved directly, but it can be

transformed into finite ordinary differential equations using

a generating function [27–31]. The profiles of the average

molecular weights of polymers and the fractions of the

structural units, G(I ), can be calculated from the generating

function, and the algorithm was described in the previous

papers [27].

3. Results and discussion

Fig. 1 show the profiles of the weight-average degree of

polymerization, DPw; at different values of b and l; of

which b is the ratio of kACp to kABp, and l is the initial molar

ratio of core Cp
3 to monomer ABp. The degree of

polymerization is determined by setting both the molecular

weights of ABp and Cp
3 to be one. In the case of the

polymerization system without core monomers the DPw

increases more quickly than the system with cores; then it

diverges at full conversion of A. On the other hand, with Cp
3

cores, it converges to finite values. As shown in Fig. 1,

either the higher content of trifunctional Cp
3 cores or

increasing the rate constant ratio b leads to a lower DPw

at the complete conversion of A groups.

In the SCVP of monomers ABp with core Cp
3; the

relationship between the number-average degree of polym-

erization and the conversion of A groups can be derived

easily as follows

DPn ¼
initial number of monomers

total number of molecules during polymerization

¼
N0ðABpÞ þ N0ðC

p
3Þ

N0ðABpÞ þ N0ðC
p
3Þ2 N0ðABpÞaðAÞ

¼
1 þ l

1 þ l2 aðAÞ
ð14Þ

where N0(ABp) is the initial number of monomer ABp;

N0(C3
p) is the initial number of core Cp

3; and aðAÞ is the

conversion of A group. Furthermore, the final number-

average degree of polymerization is

DPnða ¼ 1Þ ¼
1 þ l

l
ð15Þ

The profiles of the number-average degree of polymeriz-

ation calculated by the generating function are also plotted

in Fig. 2. Obviously, as can be seen from Eq. (14) and Fig. 2,

Fig. 1. Weight-average degree of polymerization versus conversion of A

groups for the systems with various contents of cores and rate constant

ratios.
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the DPn decreases with increasing of the cores, but is

independent of the reactivity of the core Cp
3:

In the SCVP of ABp with Cp
3; there are two types of

the growing molecules: one is the molecule with a focal unit

A–b , , the other one includes a reacted core unit, cCp
2;

c2Cp; or c3. The molecules with a core unit cannot be

combined with each other to form a larger one due to no

reactive group A , on these molecules. Therefore, the

increasing rate of the degree of polymerization is retarded

by adding the multifunctional cores. For a higher content of

the Cp
3 with higher reactivity, l ¼ 0:05 and b ¼ 2 in Fig. 3

as an example, a lot of molecules each of which contains a

core unit are formed at early stage, and the PDI of the

hyperbranched polymers becomes narrow. On the other

hand, in the absence of cores, it is easy to combine two large

molecules into an even larger one; then leads to a broad

molecular weight distribution. For a low reactivity of core,

b ¼ 0:01; both the number-average and weight-average

degree of polymerization decrease with increasing of core

monomers, and before full conversion, the higher content of

Cp
3 results in the higher value of PDI as shown in Fig. 4.

However, near the complete conversion of A groups, the

effect of the increasing DPw of the system with lower

content of cores overcomes that with higher one; thus the

PDI decreases with increasing Cp
3 cores.

The dependences of the PDI of the hyperbranched

polymers on the l and b at the conversion of 0.99 and 1.0

are plotted in Figs. 5 and 6, respectively. It was found that

the molecular weight distribution of the hyperbranched

polymers becomes narrower by adding cores with higher

reactivity. Compared with the copolymerization of AB2

monomer with multifunctional cores [27] under these

conditions, the polydispersity index of the hyperbranched

polymers formed by the SCVP is lower than that of the

AB2–C3 system at full conversion of A.

The degree of branching, DB, is a very important

structural parameter in characterizing the hyperbranched

polymers [35]. Holter and Frey [23] suggested a modified

degree of branching, DB(HF), which is based on the actual

number over the maximum possible number of dendritic

units:

DBðHFÞ ¼
2ND

2ND þ NL

¼
Gð6Þ þ Gð10Þ

Gð6Þ þ Gð10Þ þ 0:5½Gð4Þ þ Gð5Þ þ Gð9Þ�
ð16Þ

Muller et al. [11] also suggested the use of the fraction of

branch points, FB, to characterize the hyperbranched

polymers

FB ¼
ND

ðtotal number of unitsÞ2 ðnumber of monomersÞ

¼
Gð6Þ þ Gð10Þ

Gð2Þ þ Gð3Þ þ Gð4Þ þ Gð5Þ þ Gð6Þ þ Gð8Þ þ Gð9Þ þ Gð10Þ

ð17Þ

According to Eqs. (16) and (17), the changes of the degree

of branching and FB, can be calculated from the numbers of

the units. For example, l is 0.05 in Fig. 7, the growth of the

Fig. 2. Number-average degree of polymerization versus conversion of A

groups for the systems with various contents of cores and rate constant

ratios.

Fig. 3. Polydispersity index versus conversion of A groups for the systems

under different formations.

Fig. 4. Dependence of the average degree of polymerization or the

polydispersity index under different formations at high conversion of A

groups.
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dendritic (ab) units is retarded by the reacting of A with Cp,

and the dendritic (c3) units increase with adding the Cp
3 cores

with high reactivity. Therefore, as shown in Figs. 7–9, the

total number of dendritic units, ND, DB(HF), and FB first

decrease with the value of b; and reach a minimum at a b of

about one; then rise with b: The results show that, the

DB(HF) of the SCVP system without core monomers is 0.5,

and in the system containing the Cp
3 cores with high

reactivity, b ¼ 10; for example, at l ¼ 0:01; 0.02, or 0.05, it

falls slightly to about 0.46. Under the same values of b and

l; the DB(HF) of the AB2–C3 system studied before is

higher than the SCVP of ABp with Cp
3:

4. Conclusion

In SCVP of ABp, the molecular weight distribution and

the degree of branching of the hyperbranched polymers are

affected by adding the multifunctional Cp
3 cores. It was

found that the molecular weight distribution of the

hyperbranched polymers can be further reduced by adding

cores with higher reactivity. For the Cp
3 cores with high

reactivity, b ¼ 10; and l ¼ 0:01; 0.02, or 0.05, the degree

of branching, DB(HF), falls to about 0.46, whereas, in

absence of cores, the DB(HF) is 0.5. Under the same

condition, the polydispersity index of the hyperbranched

Fig. 5. Dependence of the PDI of the hyperbranched polymers on the

reactivity ratio and contents of cores at the conversion of A ¼ 0:99:

Fig. 6. Dependence of the PDI of the hyperbranched polymers on the

reactivity ratio and contents of cores at the full conversion.

Fig. 7. Dependence of the final number of dendritic units of the

hyperbranched polymers on the reactivity ratio, b at l ¼ 0:05:

Fig. 8. Dependence of the final DB(HF) of the hyperbranched polymers on

the reactivity ratio, b under various contents of cores for the SCVP and

AB2–C3 systems.
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polymers formed by the SCVP is lower than that of the

AB2–C3 system at full conversion of A.
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